Singular, hypersingular and singular free electromagnetic fields at wedge tips in metamaterials  by Paggi, Marco
International Journal of Solids and Structures 47 (2010) 2062–2069Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rSingular, hypersingular and singular free electromagnetic ﬁelds at wedge tips in
metamaterials
Marco Paggi *
Politecnico di Torino, Department of Structural and Geotechnical Engineering, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
a r t i c l e i n f o a b s t r a c tArticle history:
Received 13 January 2010
Received in revised form 29 March 2010
Available online 13 April 2010
Keywords:
Singular electromagnetic ﬁelds
Bi-material wedges
Metamaterials
Asymptotic method
Eigenvalue analysis0020-7683/$ - see front matter  2010 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2010.04.003
* Tel.: +39 011 564 4910; fax: +39 011 564 4899.
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communities, because they offer electromagnetic properties that are difﬁcult or impossible to achieve
with conventional materials. In this paper, an asymptotic analysis of the electromagnetic ﬁelds at
multi-material wedges composed of metamaterials is proposed. This is made possible by removing the
assumption of positive electric permittivities and magnetic permeabilities, an hypothesis which usually
applies to conventional materials. Exploring the whole range of variability of these electromagnetic prop-
erties, it is shown that, in addition to the classical real eigenvalues 0 6 k < 1 leading to power-law singu-
larities of the type O(rk1) as r? 0, it is also possible to ﬁnd imaginary eigenvalues leading to
hypersingular solutions, as well as nonsingular conﬁgurations for a suitable choice of the negative electric
permittivities and magnetic permeabilities of the media. Moreover, to fully characterize the asymptotic
ﬁelds, the analysis is not only restricted to the determination of the lowest real and complex eigenvalues,
but is also extended to the evaluation of the higher-order nonsingular ones. The obtained analytical
results collected in synthetic diagrams are expected to have impact on the design of micro- and nano-
electro-mechanical systems.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
In various boundary value problems governed by harmonic or
biharmonic equations, the solutions may have singularities and a
careful examination of these situations has to be performed
according to asymptotic methods (see, e.g., England, 1971; Sinclair,
2004a,b; Paggi and Carpinteri, 2008; Carpinteri and Paggi, 2009 for
a wide overview). This is for instance the case of multi-material
wedges or junctions in plane elasticity (Bogy and Wang, 1971;
Hein and Erdogan, 1971; Theocaris, 1974; Pageau et al., 1994; Pag-
gi and Carpinteri, 2008), where dissimilar elastic sectors converg-
ing to the same vertex are joined together. In these problems
governed by a biharmonic equation, the stress ﬁeld may diverge
at the junction vertex due to the elastic mismatch at the interfaces.
The same situation may occur in antiplane elasticity, where the
displacement ﬁeld is governed by a harmonic equation. In this in-
stance, due to the underlying mathematical analogy, Sinclair
(1980) showed that the steady-state heat transfer problem involv-
ing multi-material wedges or junctions can also be affected by sin-
gularities in the heat ﬂux, as for the stress ﬁeld in antiplane
elasticity. Again, the singular behaviour is due to the mismatch
in the thermal conductivities of the different material regions.ll rights reserved.Very recently, a mathematical analogy between electromag-
netic ﬁelds and antiplane elasticity has been proposed by Paggi
et al. (2009, 2010). For this class of problems governed by a har-
monic equation, the pioneering study by Meixner (1949, 1972)
shows that the singularity in the electromagnetic ﬁelds is due to
the mismatch in the electric permittivities and magnetic perme-
abilities of the material regions (see also van Bladel, 1991 for an
introductory overview). In the last decade, the development of
magneto-electro-elastic composites made of piezoelectric and
piezomagnetic materials has also fostered the study of singularity
problems at multi-material wedges and junctions for micro- and
nano-electro-mechanical systems (MEMS and NEMS) (see, e.g.,
Song and Sih, 2003; Chue and Liu, 2005; Chen and Chue, 2003;
Liu and Chue, 2006; Chue and Chen, 2003; Chen et al., 2006).
In 1999, several artiﬁcial materials called metamaterials were
designed. They promise to revolutionize the design of MEMS and
NEMS. Metamaterials are of particular importance for optical and
microwave applications, such as new types of beam steerers, mod-
ulators, band-pass ﬁlters, lenses, microwave couplers, and anten-
nas. These materials are macroscopic composites with a
synthetic, three-dimensional, periodic cellular micro- or nano-
structure designed to produce an optimized combination not avail-
able in nature. This is achieved owing to their structural features
smaller than the wavelength of the electromagnetic radiation that
interacts with. To do so, for visible light, the internal micro-struc-
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days achievable thanks to the progresses of nanotechnology.
Hence, in spite of the fact that metamaterials are inhomogeneous
at the nanoscale, in practice we can average over the atomic scale,
conceptually replacing the otherwise inhomogeneous medium by
a homogeneous material characterized by just two macroscopic
electromagnetic parameters: the electric permittivity, , and the
magnetic permeability, l. Nearly all familiar materials have posi-
tive values for both  and l, although there exist some natural
material for which  is negative, such as silver and gold. However,
the allowed range of material response does not preclude us from
considering a medium with both  and l negative valued. Veselago
(1968) pondered the properties of such a medium nearly 40 years
ago, although the interest in these materials evaporated because
no known natural material exhibits a frequency band with l < 0
and also possesses  < 0 at the same time. This situation drastically
changed in 2000, when metamaterials with both  and l negative
were artiﬁcially realized (Smith et al., 2004; Sanderson, 2007; Reza
et al., 2008; Valentine et al., 2008).
In the present study, the problem of singularities of the electro-
magnetic ﬁelds in multi-material wedges is re-examined according
to the recent ﬁndings of metamaterials. In particular, the assump-
tion of considering strictly positive electric permittivities and mag-
netic permeabilities of the material regions is herein removed. This
allows to study the effect of using metamaterials on the eigen-
values of the bi-material conﬁgurations ﬁrstly studied by Meixner
(1972). In addition to the classical real eigenvalues leading to
power-law singularities of the type O(rk1) as r? 0, where
0 6 k < 1 and r is the radial distance from the singular point, it is
also possible to ﬁnd imaginary eigenvalues. In this case, these solu-
tions are called hypersingular and correspond to a non integrable
energy density near the edge (Dobrzynski and Maradudin, 1972;
Fisanov, 2007; Wallen et al., 2008). Moreover, for a suitable choice
of the negative electromagnetic parameters, it is also possible to
ﬁnd singular free conﬁgurations. Hence, the asymptotic analysis
is not only limited to the determination of the lowest singular
eigenvalues in the range 0 6 k < 1, as usually performed in the lit-
erature, but it is also extended to the computation of the higher-or-
der nonsingular ones in the range 1 < k < 2. All the results, collected
in easy-to-use design diagrams, show the extension of the singular,
hypersingular and singular free domains in the parameter space
deﬁned by the electromagnetic properties and the geometrical
parameters of the junctions.2. Mathematical formulation
Let us consider the multi-material wedge shown in Fig. 1. Each
material is isotropic and has an electric permittivity i and a mag-Fig. 1. Scheme of a multi-material wedge with a PEC material.netic permeability li. The permittivity is a physical quantity that
describes how an electric ﬁeld affects a dielectric medium, and is
related to the ability of a material to polarize in response to the
ﬁeld. Similarly, the magnetic permeability is related to the degree
of magnetization of a material that responds linearly to an applied
magnetic ﬁeld (for more details on these fundamental aspects, see
Harrington, 1961, chapter 1). We also admit the presence of a per-
fect electric conductor (PEC) in the region 1 deﬁned by the inter-
faces C1 and Cn. From the physical point of view, a PEC
corresponds to a material with no resistivity or, equivalently, with
inﬁnite conductivity. On its surface the tangential component of
the electric ﬁeld and the normal component of the magnetic ﬁeld
are zero. Metals such as copper or silver have such a high conduc-
tivity that are often modelled as PEC.
For periodic ﬁelds with circular frequency x, the Maxwell’s
equations for each homogeneous angular domain read (Meixner,
1972):jxiEi ¼ rHi; ð1aÞ
 jxliHi ¼ r Ei; ð1bÞwhere the symbol j stands for the imaginary unit.
In cylindrical coordinates r, h, z, with the z axis perpendicular to
the plane of the wedge, and considering electromagnetic ﬁelds
independent of z, the Maxwell’s equations reduce to the following
conditions upon the components of the electric and magnetic ﬁelds
(Meixner, 1972):jxiEir ¼
1
r
@Hiz
@h
; ð2aÞ
jxiEih ¼ 
@Hiz
@r
; ð2bÞ
jxiEiz ¼
1
r
@
@r
ðrHihÞ 
1
r
@Hir
@h
; ð2cÞ
 jxliHir ¼
1
r
@Eiz
@h
; ð2dÞ
 jxliHih ¼ 
@Eiz
@r
; ð2eÞ
 jxliHiz ¼
1
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@
@r
ðrEihÞ 
1
r
@Eir
@h
: ð2fÞ
It is easy to verify that the Ez and Hz components satisfy the
Helmholtz equation:@2Eiz
@r2
þ 1
r
@Eiz
@r
þ 1
r2
@2Eiz
@h2
þ k2i Eiz ¼ r2Eiz þ k2i Eiz ¼ 0; ð3aÞ
@2Hiz
@r2
þ 1
r
@Hiz
@r
þ 1
r2
@2Hiz
@h2
þ k2i Hiz ¼ r2Hiz þ k2i Hiz ¼ 0; ð3bÞwhere ki =x2ili.
According to Meixner (1972), the following separable form for
Eiz and H
i
z can be postulated ("(r,h) 2Xi), a procedure mathemati-
cal analogous to the eigenfunction expansion method used in anti-
plane elasticity (Paggi et al., 2009, 2010):Eizðr; hÞ ¼
X
j
rkj fi;jðh; kjÞ; ð4aÞ
Hizðr; hÞ ¼
X
j
rkj Fi;jðh; kjÞ; ð4bÞwhere kj are the eigenvalues, whereas fi,j and Fi,j are the eigenfunc-
tions. Introducing (4) into (3), the following equalities are obtained:
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d2fi;j
dh2
þ k2j fi;j
 !
¼ 0; ð5aÞ
rkj2
d2Fi;j
dh2
þ k2j Fi;j
 !
¼ 0: ð5bÞ
The coefﬁcients multiplying rkj2 must vanish, implying that the
eigenfunctions fi,j and Fi,j are linear combinations of trigonometric
functions:
fi;jðh; kjÞ ¼ ai sinðkjhÞ þ bi cosðkjhÞ; ð6aÞ
Fi;jðh; kjÞ ¼ Ai sinðkjhÞ þ Bi cosðkjhÞ: ð6bÞ
Now, from Eq. (2) we observe that:
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X
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Hence, if on the one hand Ez  Oðrkj Þ and Hz  Oðrkj Þ remain ﬁ-
nite as r? 0, on the other hand the radial and circumferential
components of the electric and magnetic ﬁelds, Er, Hr, Eh and Hh di-
verge when r? 0 for 0 6 kj < 1. Therefore, the design should pay
attention to the identiﬁcation of the material and geometrical con-
ﬁgurations that can be used to avoid singularities. When this is the
case, higher-order eigenvalues kj > 1 are fully required to charac-
terize the asymptotic behaviour of electromagnetic ﬁelds. It is also
important to remark that, when complex eigenvalues are found,
say k = n + jgwith n and g real, then a complex solution is obtained.
The real and imaginary parts of it furnish additional independent
solutions, as e.g.:
Eiz ¼ airn½cosðg ln rÞ sin nh coshgh sinðg ln rÞ cos nh sinhgh; ð8aÞ
Hiz ¼ Airn½cosðg ln rÞ sin nh coshgh sinðg ln rÞ cos nh sinhgh: ð8bÞ
In this case, Er, Hr, Eh and Hh behave as O(rn1) as r? 0. When
purely imaginary eigenvalues exist, (n = 0), then the singularity is
of the type O(r1) and we get a hypersingular solution. Although
logarithmic singularities cannot be excluded a priori, the case stud-
ies analyzed in the sequel do not fulﬁll the necessary conditions for
their occurrence. In any case, the interested reader may refer to
Sinclair (1980).
Regarding the computation of the eigenvalues kj, we have to im-
pose the boundary conditions (BCs) (Paggi et al., 2010). More spe-
ciﬁcally, the following BCs hold along the edges C1 and Cn of the
PEC:
E1z ðr; c1Þ ¼ 0; ð9aÞ
En1z ðr; cnÞ ¼ 0; ð9bÞ
E1r ðr; c1Þ ¼ 0; ð9cÞ
En1r ðr; cnÞ ¼ 0; ð9dÞ
whereas continuity BCs have to be imposed along the bi-material
interfaces (i = 1, . . . ,n  2):
Eizðr; ciþ1Þ ¼ Eiþ1z ðr; ciþ1Þ; ð10aÞ
Eirðr; ciþ1Þ ¼ Eiþ1r ðr; ciþ1Þ; ð10bÞ
Hizðr; ciþ1Þ ¼ Hiþ1z ðr; ciþ1Þ; ð10cÞ
Hirðr; ciþ1Þ ¼ Hiþ1r ðr; ciþ1Þ: ð10dÞUsing (7), the BCs (9) become:
E1z ðr; c1Þ ¼ 0; ð11aÞ
En1z ðr; cnÞ ¼ 0; ð11bÞ
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whereas those deﬁned by (10) become (i = 1, . . . ,n  2):
Eizðr; ciþ1Þ ¼ Eiþ1z ðr; ciþ1Þ; ð12aÞ
1
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1
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ðr; ciþ1Þ: ð12dÞ
It is interesting to note that Eqs. (3), (11) and (12) can be sepa-
rated into two sets of equations, one involving only Hz and another
involving only Ez. They correspond to the so-called Transverse Elec-
tric (TE) and Transverse Magnetic (TM) ﬁelds, respectively. In par-
ticular, the TE (respectively, TM) ﬁeld has vanishing electric
(respectively, magnetic) but nonzero magnetic (respectively, elec-
tric) ﬁeld parallel to the cylinder axis z (see Harrington, 1961,
chapter 5, for fundamentals on TE and TM ﬁelds).
Considering the series expansion for Ez and Hz, along with the
expressions for the eigenfunctions fi,j and Fi,j, the boundary value
problem consists of two sets of 2n  2 equations in 2n  1 un-
knowns, one for Ez and another for Hz. The former equation set
(TM case) involves the coefﬁcients ai,j, bi,j and kj, whereas the latter
(TE case) involves the coefﬁcients Ai,j, Bi,j and kj (Paggi et al., 2010):
Kv ¼ 0; ð13Þ
where K denotes the coefﬁcient matrix which depends on the
eigenvalue and v represents the vector which collects either the un-
knowns ai,j and bi,j (TM case) or Ai,j and Bi,j (TE case). The coefﬁcient
matrix entering (13) is characterized by a sparse structure:
K ¼
N1c1
M1c2 M
2
c2
M2c3 M
3
c3
. . . . . .
Mi1ci M
i
ci
. . . . . .
Mn2cn1 M
n1
cn1
Nn1cn
2
66666666666666664
3
77777777777777775
: ð14Þ
In the TE case, the elementary matrices Mih related to the inter-
face BCs are given by:
Mih ¼
sinðkjhÞ cosðkjhÞ
1
i
cosðkjhÞ  1i sinðkjhÞ
" #
ð15Þ
and the term Nih depends on the BCs along the PEC boundaries C1
and Cn:
Nih ¼ fcosðkjhÞ; sinðkjhÞg: ð16Þ
In the TM case, the elementary matrices Mih are given by:
Mih ¼
sinðkjhÞ cosðkjhÞ
1
li
cosðkjhÞ  1li sinðkjhÞ
" #
ð17Þ
and the term Nih is:
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Fig. 3. Graph of the function y = (a  1)/(a + 1) as a function of a.
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A nontrivial solution of the equation system (13) exists if and
only if the determinant of the coefﬁcient matrix vanishes. This con-
dition yields two eigenequations for the TE and the TM ﬁelds that
have to be solved for the eigenvalues kj. It has to be remarked that
this matrix formulation holds for any number of materials,
whereas the original equations derived by Meixner (1972) were
only applied to the particular case of bi-material wedges.
3. Analysis of bi-material wedges composed of metamaterials
Let us consider the problem of two dissimilar isotropic materi-
als with continuity BCs at the interfaces C1 and C2 (see Fig. 2(a)).
This bi-material system was also address by Meixner (1972),
although he left out of consideration media with negative electric
permittivity or negative magnetic permeability. For this problem,
the matrix K in Eq. (13) has a 4  4 dimension:
K ¼
M1c1 M
2
c1
M1c2 M
2
c2
" #
ð19Þ
and, after some algebra, the eigenvalue problem for Ez (TM ﬁelds)
leads to the following eigenequations:
sin kp
sin kð2c1  pÞ
¼ l2  l1
l1 þ l2
; ð20aÞ
sin kp
sin kð2c1  pÞ
¼ l1  l2
l1 þ l2
; ð20bÞ
whereas for Hz (TE ﬁelds) we have:
sin kp
sin kð2c1  pÞ
¼ 2  1
1 þ 2 ; ð21aÞ
sin kp
sin kð2c1  pÞ
¼ 1  2
1 þ 2 : ð21bÞ
Setting 2 = aTE1 and l2 = aTMl1, with 1 < aTE, aTM <1 and
aTE in general different from aTM, the above eigenequations can
be further simpliﬁed as follows:
f ðk; c1Þ ¼
sin kp
sin kð2c1  pÞ
¼ y; ð22Þ
where y = (aTE  1)/(aTE + 1) (TE ﬁeld) or y = (aTM  1)/(aTM + 1)
(TM ﬁeld). Since the equations y(aTE) and y(aTM) are identical, the
subscripts (TE) and (TM) to the independent variable awill be omit-
ted in the sequel. Hence, the subsequent discussion of the singular
behaviour of the TE and TM ﬁelds will be carried out in reference to
a generic value of aTE or aTM, say a, examining its whole range of
variability.
The variable y, which depends on the electric or magnetic prop-
erty mismatch, is shown in Fig. 3 as a function of a. For positiveFig. 2. Schemes of (a) a bi-material wedge; (b) a bi-material wedge with PEC
boundaries.values of a, as examined by Meixner (1972), the function y varies
from 1, in correspondence of a = 0, to unity, which is an asymp-
totic value attained for a? +1. If we consider also the half-plane
with a < 0, we note that the function y tends to 1 for a? 1 and
then diverges to +1 when a? 1. On the contrary, y? 1
when a? 1+ and then goes rapidly to 1 for a? 0.
The special values a = 1 and a = 1 have to be carefully dis-
cussed. The former case is quite trivial, since the bi-material wedge
problem reduces to a single material plane. Eq. (22) becomes
sinkp = 0 and we ﬁnd k = n, where n is a positive integer higher
than unity. Hence, in this case, the lower eigenvalue is k = 1 and
the electromagnetic ﬁelds are ﬁnite. In the latter case, the eigeneq-
uation (22) becomes sink(2c1  p) = 0 and gives the solution
k = np/(2c1  p). Looking for the lowest eigenvalue (n = 1), we ﬁnd
no solutions in the range 0 6 k < 1 for 0 6 c1 6 p. On the other
hand, we have one higher-order real eigenvalue in the range
1 < k < 2 for 3p/4 6 c1 6 p (see Fig. 4). No complex or imaginary
eigenvalues are possible. Therefore, the material conﬁguration
with a = 1 is singular free, regardless of the value of c1.
For a general value of a different from +1 or 1, the roots of the
eigenequation (22) can be discussed graphically for each value of
c1. Plotting the oscillating functions f(k,c1) on the LHS of Eq. (22)
vs. k, the eigenvalues correspond to the abscissae of the points of
intersection between such curves and the straight lines ±y. For this
problem, the eigenfunction f(k,c1) is real valued only for real or
imaginary eigenvalues.
Examining the graph of the function f(k,c1) vs. Rek (Imk = 0)
(Fig. 5(a)) and looking for the intersections with the function +y,
three different ranges have to be separately discussed. For
1 < y < yðc1Þ (or, equivalently, for 1 < a < aðc1Þ), the oscillat-
ing function f(k,c1) has no intersections with the straight lines0.0
1.0
135 140 145 150 155 160 165 170 517 180
γ1
λ
−ε1,−μ1
ε1, μ1
γ1 
Fig. 4. Eigenvalues for the problem in Fig. 2(a) with a = 1 vs. c1.
Fig. 5. Eigenequation f(k,c1) in Eq. (22) vs. real and imaginary eigenvalues.
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Fig. 6. Diagram of the singularity domains for TE and TM ﬁelds as functions of the
wedge angle amplitude of material 1 for the bi-material wedge in Fig. 2(a)
(a = aTE = 2/1 for TE ﬁeld, a = aTM = l2/l1 for TM ﬁeld).
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k = 0, which depends on c1. This minimum is equal to
yðc1Þ ¼ p=ð2c1  pÞ and can be obtained as the limit of Eq. (22)
for k? 0. For yðc1Þ < y < 0 ðaðc1Þ < a < 1Þ, there exists one inter-
section and therefore one real eigenvalue. Finally, for 0 < y < 1
(1 < a < +1) and for 1 < y < +1 (1 < a < 1) we have no real
eigenvalues in the range [0,1]. To determine all the eigenvalues
of the problem, this search has to be repeated for the function
y. In this case, we can just consider, for each value of y, the curve
f(k,c1), which is the same as that in Fig. 5(a) but it is symmetric
with respect to the horizontal axis. For 1 < y < 0 (1 < a < 1),
the oscillating function f(k,c1) has no intersections with the
straight lines +y. Hence, the eigenfunction has no real roots in
the range [0,1]. For 0 < y < 1 (1 < a < +1), there is one intersection.
Finally, for 1 < y < yðc1Þ ð1 < a < aðc1ÞÞ, we have again one eigen-
value. Here, yðc1Þ is the maximum of the function f(k,c1) in k = 0
and is equal to yðc1Þ ¼ p=ðp 2c1Þ. Finally, for yðc1Þ < y < þ1
ðaðc1Þ < a < 1Þ, no intersections are found. We also note that
a ¼ 1=a according to the deﬁnition of the function y.
Examining now the graph of the function f(k,c1) vs. Imk
(Rek = 0) in Fig. 5(b) and looking for the intersections with the
function +y, we ﬁnd one imaginary eigenvalue (and its conjugate)
for 1 < y < yðc1Þ. Considering also the intersections with the
curve y (for each value of y we can simply analyze the curve
f(k,c1) as before), we ﬁnd again one intersection in the range
yðc1Þ < y < 1. This implies that in the range aðc1Þ < a < aðc1Þ
we have imaginary eigenvalues.
These ﬁndings can be summarized as follows: for a > 0 (stan-
dard materials), real eigenvalues always exist and the electromag-
netic ﬁelds behave as O(rk1) as r? 0, regardless of the value of the
angle c1. Exploring negative a values, there exists a hypersingular
region in the range aðc1Þ < a < aðc1Þ. Otherwise ð1 < a < aðc1Þand aðc1Þ < a < 0) real eigenvalues exist. Only the choice a = 1
allows to have a singular free behaviour regardless of c1. A diagram
showing the different type of singularities in the parameter space
(c1,a) is shown in Fig. 6. For its use, the ratios aTE and aTM have
to be preliminary computed. Then, the type of singularity for TE
and TM ﬁelds is given by the region where the points of coordi-
nates (c1,aTE) and (c1,aTM) are situated.
Finally, it has to be pointed out that the geometrical conﬁgura-
tions with p/2 < c1 < p do not need to be further discussed, since
we have f(k,p  c1) = f(k,c1), with 0 < c1 < p/2. Hence, the dia-
gram in Fig. 6 holds also for these conﬁgurations, provided that
we replace c1 with (p  c1) in abscissa.
This analysis of the eigenfunctions can also be extended to the
range k 2 [1,2] in order to determine the higher-order nonsingular
eigenvalues (see Fig. 7). Here we note that, for each wedge angle c1,
the function f(k,c1) has a discontinuity for Rek = Rek*. Hence, look-
ing for the intersections with the function +y, we always ﬁnd an
intersection. Another intersection is found when we consider the
straight line y. In conclusion, for each wedge angle c1, we have
two higher-order eigenvalues in the range k 2 [1,2] that contribute
to the asymptotic electromagnetic ﬁelds. The higher the wedge an-
gle, the higher these high-order eigenvalues.
As a second case study, let us consider the problem of two dis-
similar isotropic materials occupying the domains X1 and X2,
joined at the interface C2 and with PEC boundaries at C1 and C3
(see Fig. 2(b)). This bi-material problem was also address by Meix-
ner (1972), considering only media with positive electric permit-
tivities and magnetic permeabilities. For this conﬁguration, the
matrix K in Eq. (14) has a 4  4 dimension and particularizes as
follows:
K ¼
N1c1 0
M1c2 M
2
c2
0 N2c3
2
664
3
775: ð23Þ
After some algebra, the eigenvalue problem for Ez (TM ﬁelds)
leads to the following eigenequation:
 sin kc3
sin kð2c2  c3Þ
¼ l2  l1
l1 þ l2
; ð24Þ
whereas for Hz (TE ﬁelds) we have:
 sin kc3
sin kð2c2  c3Þ
¼ 1  2
1 þ 2 ; ð25Þ
Setting 2 = aTE1 and l2 = aTMl1 as in the previous case, we get:
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Fig. 7. Eigenequation f(k,c1) in Eq. (22) vs. Rek (Imk = 0) for 1 < Rek < 2.
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sin kc3
sin kð2c2  c3Þ
¼ y; ð26Þ
where +y and y correspond, respectively, to the eigenequation for
Ez and Hz. Again, the discussion of the eigenequations is carried out
in reference to a generic value of aTE or aTM, say a, examining the
whole range of variability of this independent variable.
These eigenequations are basically the same as those for the bi-
material problem in Fig. 2(a) if we have c3 = p and c2 = c1 and
therefore the previous results apply also to this case. However, in
the most general conﬁguration, the solution depends on c2 and
c3 and the nonlinear eigenequations (26) have to be solved
numerically.
A notable limit case allowing for a closed-form solution is found
when a = 1. In this instance, Eq. (26) simpliﬁes as
sin[kc3(2c*  1)] = 0, where c* = c2/c3, with 0 6 c* 6 1. In this case
the eigenvalues are only real and the lowest ones are k = p/
[c3(2c*  1)]. These solutions are shown in Fig. 8 as functions of
c3 and for different values of c*. In general, this conﬁguration pre-
sents a singular free domain for 0 6 c3 6 p. For c3 > p, eigenvalues
less than unity are found only for c* > 0.75. All the other conﬁgura-
tions are singular free. The limit case of c* = 1 is also relevant, since
the corresponding curve represents the solution for a single mate-
rial wedge with PEC boundaries. As it can be seen, this case has the
lowest eigenvalues and therefore the use of bi-material junctions
with a metamaterial is always favourable in reducing or even
removing the singularities.
Another conﬁguration that can be relevant from the engineering
point of view is a bi-material wedge with a PEC slit between mate-0
1
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Fig. 8. TE and TM eigenvalues for the bi-material wedge with PEC boundaries in
Fig. 2(b) and with a = 1 as functions of c3 and c*.rials 1 and 2, obtained in Fig. 3(b) by setting c1 = 0 and c3 = 2p. The
eigenequations (26) become:
f ðk; c2Þ ¼
sin 2kp
sin 2kðp c2Þ
¼ y: ð27Þ
For this problem, the eigenfunction f(k,c2) is real valued only for
real or imaginary eigenvalues. As discussed before, the case a = 1
permits to ﬁnd singular free conﬁgurations. In this case the TE and
the TM ﬁelds have the same lowest eigenvalue equal to k = p/
[2(p  c2)]. Hence, both the TE and the TM ﬁelds behave as
O(rk1) for 0 < c2 < p/2, whereas they are singular free for p/
2 < c2 < p.
Considering now the range 0 < c2 6 p/2 for a generic value of
a– 1, let us examine the intersections between the graph of
the function f(k,c2) vs. Rek (Imk = 0) and the straight lines +y (TM
ﬁeld) (Fig. 9(a)). Regardless of a, we ﬁnd one real eigenvalue.
Repeating this analysis for the graph of the function f(k,c2) vs.
Imk (Rek = 0) (Fig. 9(b)), we ﬁnd one imaginary eigenvalue (and
its conjugate) for yðc2Þ < y < þ1, with yðc2Þ ¼ p=ðp c2Þ > 1.
Hence, in addition to the power-law singularity of the type
O(rk1), the TM ﬁeld has also a hypersingularity of the type
O(r1) in the range aðc2Þ < a < 1, with aðc2Þ ¼ ðc2  2pÞ=c2.
A similar reasoning applies for the TE ﬁeld (intersections with
the function y). A real eigenvalue always exists and one imagi-
nary eigenvalue can be found in the range 1 < a < aðc2Þ, with
aðc2Þ ¼ 1=aðc2Þ < 0.
A more interesting behaviour can be observed in the range p/
2 < c2 < p. Here, f(k,c2) vs. Imk (Rek = 0) (Fig. 10(b)) has the same
trend as that for 0 < c2 < p/2. Hence, the hypersingular domainFig. 9. Eigenequation f(k,c2) in Eq. (27) vs. real and imaginary eigenvalues for
0 < c2 < p/2.
Fig. 10. Eigenequation f(k,c2) in Eq. (27) vs. real and imaginary eigenvalues for p/
2 < c2 < p.
Fig. 11. Diagram of the singular, hypersingular and singular free domains for TE
and TM ﬁelds as functions of c2 for the bi-material wedge in 2(b).
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Fig. 12. Eigenequation f(k,c2) in Eq. (27) vs. Rek (Imk = 0) for 1 < Rek < 2.
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aðc2Þ < a < 1). The main difference is represented by the graph
of the function f(k,c2) vs. Rek (Imk = 0) (Fig. 10(a)). In this case,
real eigenvalues for the TM ﬁeld can only be found in the range
yðc2Þ < y < yðc2Þ (intersection with the straight lines +y), where
yðc2Þ ¼min f ðk; c2Þ < 1. Hence, the TM ﬁeld behaves as
O(rk1) in the domains aðc2Þ < a < 0 and 1 < a < aðc2Þ, where
aðc2Þ ¼ ð1þ yminÞ=ð1 yminÞ. As a result, a singular free region for
the TM ﬁeld exists in the range 1 < a < aðc2Þ, where no real or
imaginary eigenvalues less than unity are found (see Fig. 11(a)
for a visual representation of the different domains).
Regarding the TE ﬁeld, a hypersingularity occurs in the range
1 < a < 1=aðc2Þ, as for 0 < c2 < p/2. On the other hand, real eigen-
values can be found in the ranges 1 < a < 1=aðc2Þ and
1=aðc2Þ < a < 0. Hence, a singular free region is expected for
1=aðc2Þ < a < 1 (see Fig. 11(b) for a visual representation of the
different domains).
Finally, for the characterization of the nonsingular TM and TE
ﬁelds in their respective singular free domains, the graph of the
eigenfunction f(k,c2) vs. Rek in the range 1 < Rek < 2 is shown in
Fig. 12 for p/2 6 c2 < p. In this case, the oscillating function has a
very complex character and very often two higher-order eigen-
values can be found in that range.
It is also important to note that the conﬁgurations with
p < c2 < 2p can be derived from those with 0 < c2 < p without
repeating any calculation, since we have f(k,2p  c2) = f(k,c2),
where 0 < c2 < p. Therefore, in this range, the various domains
for the TM ﬁeld will now correspond to the TE ﬁeld and vice
versa.4. Conclusions
In the present study, an asymptotic analysis of the electromag-
netic ﬁelds at multi-material wedges in metamaterials has been
proposed. This methodology is based on the eigenfunction expan-
sion method proposed by Meixner (1972) and recently re-exam-
ined by Paggi et al. (2010). The proposed matrix form of the
eigenvalue problem can be applied to a general situation involving
an arbitrary number of material sectors. Moreover, the analysis has
not been restricted to the real lowest eigenvalue in the range
0 < k < 1, as performed by Meixner (1972), but it has also been ex-
tended to the complex and higher-order nonsingular eigenvalues.
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ﬁcient matrix and therefore keeping unchanged the structure of
the eigenvalue problem.
The effect of using metamaterials in bi-material wedges has
been discussed by allowing the electric permittivity and the mag-
netic permeability to have negative values. A detailed examination
of the eigenfunctions for bi-material junctions shows that it is pos-
sible to ﬁnd imaginary eigenvalues in addition to the classical real
ones, in agreement with recent ﬁndings (Fisanov, 2007; Wallen
et al., 2008). However, it is also possible to ﬁnd singular free re-
gions for a suitable choice of the electromagnetic properties of
the metamaterial, a result that cannot be achieved using conven-
tional materials. When a bi-material wedge without a PEC is con-
sidered (see Fig. 2(a)), the only singular free conﬁguration is
represented by a = 1 (see the diagram in Fig. 6). When a PEC
material is introduced (see Fig. 2(b)), again a metamaterial with
a = 1 permits to relieve or even remove the singularities (see
Fig. 8). Finally, when the junction with a PEC slit is addressed
(see Fig. 2(a) with c1 = 0 and c3 = 2p), the singular free domains
for the TM and the TE ﬁelds have been determined and shown in
the diagram in Fig. 11. Since the magnetic permeability and the
electric permittivity of a metamaterial are in general different from
each other (Smith et al., 2001) – and therefore aTE is in general dif-
ferent from aTM and may fall both in the corresponding singular
free domains-this implies that it is possible to design a bi-material
junction with a PEC slit where all the electromagnetic ﬁeld compo-
nents are singular free.
The interaction between the singular electromagnetic ﬁelds and
the elastic ﬁeld, which has not been discussed in the present work,
is also an open problem of paramount importance and may deserve
further investigation. This is for instance the case of magneto-elec-
tro-elastic composites made of piezoelectric and piezomagnetic
metamaterials, where the electromagnetic and the elastic ﬁelds
are coupled through the constitutive equations. The use of metam-
aterials may change the behaviour of the singular ﬁelds at the
wedge tips. At the moment, the realization of piezoelectric metam-
aterials is a very recent research topic largely unexplored, both
from the theoretical and the applied point of views (see, e.g., Arvelo
et al., 2010).
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